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On Ura’s Axioms and Local Dynamical Systems

By Shair Anmap

(Oklahoma State University)

Introduction.

It appears that the formal introduction of a local dynamical system is due
to Hajek [31 and Sell [7]. Recently, Hajek [5] gave a local characterization
of a loecal semi-dynamical system, by introducing the notion of a germ, which
can easily be generalized to the notion of a germ of a local dynamical system.
‘On the other hand, several years before any of these contributions were made,
Ura [8] had introduced two systems of axioms, referred to as an F-family and
an F-family. The main object of this paper is to show the essential equivalence
of an F-family and a germ of a local dynamical system, and that of an F-family
and a local dynamical system.

In the definition of an F-family, given in [81], the phase space was assumed
%o be an open subset of a compact topelogical space. This is slightly modified
here, in order to consider more general topolegical spaces as phase spaces. In
{91, Ura added a somewhat stronger axiom to the system in 8], which is
denoted by (F5) in this paper. In erder to clarify the corresponding condition
for a local dynamical system, we give two systems of axioms for a germ of a
ﬁl@(:,ai dynamical system in §1. The equivalence of a germ and an F-family is
proved in §1, for both, the case where (F5) is satisfied and the case where it
is not satisfied. _

In [5], Hajek introduced the notion of strong local equivalence of germs
of local semi-dynamical systems and proved that strongly locally eguivalent
germs generate the same local-semi-dynamical system. Ura [10] has shown that
by introducing isomorphisms of germs the same way as for local dynamical
systems, isomorphisms of germs can be extended to isomorphism of the local
dynamical systems generated by the given germs. In §II, we show that similar
result holds for F-families, i.e., two strongly locally equivalent F-families, on
the same phase space, generate the same F-family. Similar modifications as
for an F-families are given to F-families and lacal dynamical systems. The
proof of the uniqueness of an F-family strongly equivalent to a given .Fffémily
remains the same as in [8]. Hence we only give the proof of the existence of
such an F-family, the technique of which clarifies Hajek’s theorem for local
dynamical systems.
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§I. Basis of Solution-elements and Germs of Local
Dynamical Systems

1. Basis of Solution-elements. _

Definition 1. Let X be a topological space and F a family of mappings ¢
such that ¢ maps I, into X, where I, is an open interval of the set of real
numbers R depending on ¢, and is called the interval of definition of ¢. If F
satisfies the following conditions (F1) through (F4) or (F5), then F is called
a basis of solution-elements on the phase space X (abbreviated as an F-family
on X).

(F1) Continuity with respect to t: Every element ¢ of F is continuous on
I,. .

(F2) Existence of solutions for the Cauchy problem and local uniformity
of intervals of definition: For each x,&X there exist U€C)/(x)? and 6>0 such
that for every x€ U and every #ER, there exists c&F with (£—96,z2,+0)CI,
and c(t))=x2.

(F3) Homomorphism: Let ¢;,c;€F. U ty, €1, t,€1, and () =c:(ts),
then ¢,(t;+8)=co(t,+12) for all te(le,—2) N T, —2)¥.

(F4) Continuity with respect to initial points: Let c&F and ty,t,€I;. For
every UeCP(c(ty)), there exists Vell/(c(4)) such that if ¢,F, ¢, 41,
and ¢, ()€ V, then c,(¢)sU. :

(F5) Stronger uniformity: For every x,€X and for every UsC/(x,),
‘there exists VeCl/(x,) and >0 satisfying the following condition: for every
x€V and #%ER, there exists c€F such that (£,—0,%+0)CI;, c(t)=x and
c((tg—0,t+0))C U (see [11]).

It is obvious that (F5) implies (F2).

Proposition 1. In the deﬁmtzon of an F-family, (F3) can be replaced by
the following two conditions:

(F3)" Homomorphism (restricted): If c,c'€F, t,<I,, 01y and c(ty)=
c’(0), then c(to-}-.t):c'(t) for all te(I,—ty) N 1. ,

(F3)!" Uniqueness for the Cauchy problem: If ¢i,c,EF and él(to)zcg(to)
for some toIe,NI.,, then ci(t)=cy(t) for all tel;NI,.

Proof. See [8].

Proposition 2. If X is a Hausdorﬁ' space, then (F3) can be replaced by
the following weaker condition:

1) Throughout this paper, for a point or a subset P of X,Cy(P) denotes the neighbor-
hood filter of P.

2) In order to treat a general topological space, (F2) of [8] is slightly modified.

3) If t is a number and I is an interval, then I—t={x—if:zs1}.
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(F3)* Let c;,c;€F. If ty€l,,t,€ L, and c,(t,)=cy(ts), then there exists
an open interval I containing 0 such that c,(t;+t)=cy(2;+¢) for all t<1.
~ Proof. It is obvious that (F3) implies: (F3)*. Assume (F3)* and let
(a,0)=Te,—t) NTe,—22), and M= {B|e;(ti+t)=ca(t2+2) for all z€[0, B), 0L
B=<b}. Then by (F3)* M is not empty. Let Bo=supM. Then ¢,(¢;+2)=
co(ta+t) for all [0, B,). Assume B,<b. Since X is Hausdorff and ¢; and ¢, are
continuous on I, and I, respectively, we must have ¢;(#;+2)=cy(f;+2) for all
te€[0,B,]. Again by (F3)* there is an open interval I containing 0 such that
<1(814-Bo+2) =co(t9+Bo+12) for all t1; contradicting By=supM. Thus B,=5,
whence ¢;(¢;+t) =cy(£,+12) for all :€[0, 5). Similarly, ¢;(¢;+2)=cy(2,+2) for all
t<(a,0], and the proof is complete. '
If X is Hausdorff (F3)’ and (F3)’’ can be modified similarly.
Definition 2. Let F and G be two F-families on X. If for every pair
(¢, d) such that c€F, deG and c(t,)=d(2,) for some t,€I NJ ;14), there exists
d>0 satisfying c¢(¢)=d () for all t=(2,—37, t,+0) (CIcth), then F is said to
be locally equivalent to G; more simply, equivalent to G (§ may depend on c,d
and t,). : ’
Definition 3 Let F and G be as in Definition 2. If for every 2, X there
exist UeC(x,) and 0>0 such that ceF, d<G, c(t0)=d(tlo)eU for some t,E
I.NJ, implies ¢(£)=d () for all t€l.NJ 7N (2,—F, t0+3) then F is sdid to be
strongly locally equivalent to G; more simply, strongly equivalent to G.
The definitions of local equivalence and strong local equivalence for local
semi-dynamical systems are given in [51.
* The following proposition can be- easily verified. -
~ Proposition 3. Each of the relatzons equwalence and “strong equiva-
lence” is an equzvalence relatzon ‘ i‘ .
PropOSItlon 4. If the phase space X is Hausdorﬁ', ‘then equzvalence implies
Strong equwalence
Proof. The proof of this proposition is simildr to that of Proposition 2.
In fact, using the same method of argument and replacing (F3)* by equivalence,
one can prove even more. Namely, if c€F, d€G and c(¢,)=d (%) for some
£0ER, then c(®)=d () for all tel.NJ,.
The assertion corresponding to Proposition 4 for local semi-dynamical systems
is given in [5]. The proof suggested here is different.

2. Germs of Local Dynamical Syétems.
Definition 4. Let X be a -topological space, D a subset of XXR and « a

4) ‘Throughout this paper, ]dA denotes the interval of definition of d, where d is an
element of an F-family denoted by G.
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mappinig of D into X. If the following conditions (#0) through (#3) or (w4)
are satisfied, then 4 is called a germ of a local dynamical system on the phase
spacé X, or simiply, a germ on X. p is called continuous if it satisfies (w4),
otherwise it is called separately continious.

(r0) D is a neighborhood of X% {0} and can be exptessed as

D= U {z} XI,,
e X

where I, is an open interval cotitaitiing 0.

(1) Identity: p[p(%,0y=x for all x&X.

(#2) Homomorphism: H (¥ t)eD, then a(u(s,t),s)=ux,t+s) for suf-
ficiently small s. :

(3) Separate continsity: n(®,£) is separately contintious, i.e. for each
£&€X and tER, #, and # are continuous in their domains of definition®.

(m4) Continuity: u is continuous in D.

Obviously, (w4) implies (73).

Similar to (F3), (x2) can be replaced by:

(m2) I (x,8),(x, t+s), (u(x,t),s)eD, then ulul®,t),s)= ,u(x t+s).

Definition 5. Let # and » be two germs on the same phase space X. If
for every x&X there exists >0 such that &, and v, coincide in (-4, 8), then
u is said to be locally equivalent to v, or simply, equivalnet to v.

Definition 6. Let # and v be as in Definition 5. If there exists a neighbor-
hood D’ of XX {0} such that D’CDNE, where D and E are the domains of «
and v respectively, and u|D’=y|D’, then u is said to be strongly locally equiva-
lent to vy, or simply, strongly equivalent to y.

Theorem (Hajek). Let ©# be a germ on X. Then there exists a uniquely
determined local system m on X which is strongly equivalent to p.

Proof. See [5].

From here on, if # and v are germs, then X and Y denote the phase spaces
of ¢ and v respectively and D and E denote the domains of # and v respectively.
Further, for each x&X and y€Y, I, and J, denote the intervals of definition
of u, and v, respectively.

The following propositions are obvious. i

Proposition 5. Each of the relations “equivalence” and “strong equiva-

5) If u# is a mapping of a subset D of XXR into X, then for each z,&X and f,&R,
4z, and uto denote the mappings defined by
By (F) =#(xos ) for (wo,t)GD
and
Hie(2) =p(x, t;) for (#,4)&D -
respectively.
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lence” of germs is an equivalence relation.
Proposition 6. Let & be a germ on X. Let D' be a neighborhood of
X% {0} contained in the demain D of #, and which can be expressed as

D'= U {x} X1I,
2e€X

where It is an open interval containing O (and contained in I,). Then p'=u|D"
is a germ on X, strongly equivalent to 1 (see [10]). '

3. Relations between a basis of solution-elements and a germ of a
local dynamical system. ‘

Process I. Let F be an F-family on X. Define a mapping # as follows:
Let (x,)eXXR. If there exists c&F with ¢(0)=z and t&1I,, then u(x,2)=
c(®), otherwise (x,t) is not in the domain of u.

We wish to show that # is well-defined and is a germ on X. Further, if F
satisfies (F5), then u satisfies (z4). "

It is easy to see that for every zeX, the domain I, of x4, is
Ix:ceF,c(0)=z ¢
Therefore, I, is an open interval containing 0. Let ¢;,c;&F such that 0, e
I,NI, and ¢;(0)=c5(0). Then by (F3)", c1(£)=cy(¢), and hence x, is well-
defined.

Let z,cX. It follows from (F2) that there exist UeCl/(x,) and §>0 such
that for every x= U, there exists c€F with ¢(0)=x and (—4,0)CI,. Hence
the domain D of # contains UX(—4,4d), and consequently (z0) holds.

It is obvious that u satisfies (w1). Let (x,2)D. It follows from the
definition of D that there exist c¢&F such that 0,z€1, and u(x, ) =c(z). Also,
there exists ¢/EF such that 01 and ¢/(0)=c(), by (FZ). Using (F3), we
have ¢/(s)=c(t+s) for all s&(l,—~#)N1s. Hence, by definition of &, we have
a(u(x, b)), s)=c'(s) and u(x,t+s)=c(¢+s). This shows that (#2) holds. It is
easy to verify that (73) also holds.

Assume that F satisfies (F5), and let (xo,20)€D. Let x;=n(xy12) and
WeC(x,). Since (o is continuous, there exists U/ (%) such that u(U)CW.
By (F5), there exist VEC]/(x,) and 6>0 such that for every x&V, there exists
ceF with (—4,8)cI,, c(0)=x and c((—46,8))cU. Hence, VX(—4,8)<D and
m(Vx(=8,0))cU. Thus if (x,2)€VX(—4,d) and (x,t+t)ED, then u((x,
to+))=u(ux, t),)EW, ie if (x,6)eVX(£—6,t+08) and (x,2)€D, then
p(x,)eW. This shows that (z4) holds.

Process II. Let # be a germ on X. Define F to be the family of map-
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pings given by
F:‘ {oux(t-to) ltOGR) (xy t_tO)ED} ’

i.e. ceF if and only if for some fixed £,€R and %, €X, c¢()=uz,(t—2,) when-
ever (xg,t—ty)ED. It is easy to verify that F is an F-family on X, and if «
satisfies (r4), then F satisfies (F5). '

The proof of the following proposition is straight-forward.

Proposition 7. Each of Process 1 and Process Il keep equivalence and
strong equivalence invariant.

Theorem 1. Let F be an F-family on X. Let u be the germ obtained by
applying Process 1 to F. Let G be the F-family obtained by applying Process
Il 2o . Then F and G are strongly equivalent.

Proof. Letx,cX. Then, there exist UC]/(%,) and §>0 satisfying (F2).
Thus, DDUX(—8,8). Suppose c¢(ty)=d(@,)=x€U for some {, R, c&F and
deG. In view of Process II, d(t)=u#,(t—t,) in J,. Since x=U, there exists
c'eF such that ¢/(0)=x and Isc(—d,6). Therefore, ¢/(0)=c(¢,) and hence
@ =cltet+1) in U,~t)N(—8,8), by (F3). Thus, c(®)=c'(t—12,) in I,N (3,
to+0). But, /GE—t)y=#,G—1)=d() since ¢/(0)=x. Hence c(¥)=d(?) in
I.NJ 4N (E—8,2,+d), and the proof is complete.

Theorem 2. Let ¢t be a germ on X. Let F be the F-family obtained by
applying Process 1l to p. Let v be the germ obtained by applying Process 1 to
F. Then p and v are strongly equivalent; more precisely, DCE and pr=v|D.

Proof. The first assertion follows from Proposition 7 and Theorem 2.

Let x€X. Then the mapping ¢, defined by c(@)=u#,(¢) in I,, belongs to
F and c¢(0)=x. Therefore, v,(z) is defined at least in I, and v,()=#,() in
I,. This proves the last assertion.

" Corollary. If the phase space is Hausdorff, then equivalence of germs im-
plies. strong equivalence®. . :

Proof. Let # and v be two equivalent germs on the same phase space X.
Let F and G be the F-families obtained by applying Process II to & and v
respectively. By Proposition 7, F and G are equivalent.' Hence F and G are
strongly equivalent, by Proposition 4. Now, let #' and v’ be the germs obtained
by applying Process I to F and G respectively. By Proposition 7, &/ and v’ are
strongly equivalent. On the other hand, #’ and '/ are also strongly equivalent

to # and v respectivaly, by Theorem 2. Therefore, # and v are strongly
equivalent. "

6) See the remark made after the proof of Proposition 4 of §L
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§II. Complete Families of Non-extendable Solutions
and Local Dynamical Systems

1. Complete Families of Non-extendable Solutions.

Definition 1. Let X be a topological space and F a family of mappings f
such that f maps I, into X, where I, is an open interval in R and is called the
interval of definition of f. If F satisfies the following conditions (#1) through
(F5) or (F6), then F is called a complete family of non-extendable solutions
on the phase space X (abbreviated as an F-family on X).

(F1) Continuity with respect to t: Every element f of F is continuous on
1. »

(F2) Exitence of solutions for the Cauchy problem: For each x=X and
2R, there exists f&€F such that f(z)=x.

(F3) Homomorphism: If fi,fo€F and f,(¢t,)=f>(t;), then If,—tl—If,—tz
and fi(¢t;+2)=fo(t,+1t) for all tely,—t,. _

(F4) Continuity with respect to initial points: - Let f,&F and t;,t,E1y,. .
Then for every UeCU(f(t,)), there exists VeCJ( f(to)) such that if feF, r,el,
and f(tp)€V, then ti&ly and f(t)eU. '

(F5) Non-extendability: Let fEF and I;= (a b) If b<o, then the
cluster set L*(f) of f as £1 5 is empty. ‘If a>—oo, then the cluster set L=(f)
of fas t}a is empty. _

(F6) Continuity: Let fo&F and t,,t;€1Iy,. For every U (f,(2,)), there
exist Vel (fy(#)) and §>0 such that if f€F and f(¢,)€V, then (¢;,—7, t,;+38)
Iy and f((¢,—0,4,+0))CU.

Obviously, (F6) implies (F1) and (F5).

If the phase space X is assumed to be an open subset of a topological space,
then the statement that L¥(f)=¢ is equivalent_to saying that L*(f) is con-
tained in the boundary of X (cf. [81,[9], [11D).

The following two propositions are easy to verify.

Proposition 1. In the definition of an F-family, (F3) can be replaced by
the following two condition: ‘

(F3)! Homomorphism (restricted): Let fEF and ty,€R. If g is a map-
ping of I;—t, into X given by g(¢t)=f(t+t,) for all t€ls—1t,, then g=F.

(F3)!  Uniqueness for the Cauchy Problem: Let fi, fZEF and tveIn,NIy,.
If f1(t)=fo(20), then Is=1Is, and fi=f;.

Proposition 2. An F-family on X is an F-family on X.

Before proving our next theorem, we state a few lemmas, proofs of which
are easy (for Lemmas 1,2 and 3 see [8]).

Lemma 1. Let F be an F-family on X. Let F be a family of mappmgs
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f such that f maps an interval I, of R into X satisfying the following two
conditions. '

(1) For every c=F there exists f&F such that I,CI; and c(2)=f() in
I.. _

(I) Let feF and t,€l;. If c=F and c(t))=f(%), then I.CI;and c()=
F@ in I,.

Then, F is an F-family on X, which is strongly equivalent to F as an F-
family on X. Further, if F satisfies (F5), then JF satisfies (F6).

Lemma 2. Let F and F be as in Lemma 1. Then, F is unique.

Lemma 3. Conditions (I) and (A1) in Lemma 1 can be replaced by the
Sollowing three conditions.

(1) For every c=F and ty,<I., there exist f€F and 6>0 such that
(to—0, 0+ CI.NI; and c()=f(@) in (£,—0,2,+0).

(L)' For every xoéX, there exist UsCl(x,) and 6>0 such that if cEF,
fEF and c(t)=f@) €U, then c@)=f(@) in I.NIN (&—0, to+0d).

()’ F satisfies (¥5).

Lemma 3*. If X is Hausdorff, then (II)! in Lemma 3 can be replaced by

(II)'™* For every fEF and t,I;, there exist c€F and 0>0 such that
c@®) =) for all t€(y—0,te+)CI.NI,.

Lemma 4. Let F be an F-family on X and F an F-family on X. Then,
F and F are strongly equivalent as F-families if and only if F satisfies condi-
tions (I) and (AL) of Lemma 1 (or (I)!, A1)’ and (III)! of Lemma 3).

Theorem 1. Let F be an F-family on X. Then, there exists a unique F—
Samily F strongly equivalent to F. Further, if F satisfies (F5), then F satisfies
(F6). '

Proof. In view of the above lemmas, it is sufficient to show the existence
of F satisfying condition (I)’, (II)’ and (III)’ of Lemma 3. Let ¢,&F and ¢,
I,,. We shall show that there exists a mapping f* of an interval [, 4) into
X satisfying the following two conditions.

(II)* For every 7,€[t, b), there exist UsCY(f*(r,)) and >0 such that
if r€(ty—0,7+0), cEF and c(v)=fY(x)€ U, then c@)=f*() in (v—9,7+3).

(ID* b= or L*(f*)=¢, where L*(f*) denotes the cluster set of f*(z)
as t1b.

One might remark that if a mapping f* of [#,5) into X satisfies (ID*,
then €I, N[t 6) and c(z)=f(7) imply c(&)=f1(2) in I.N[t, b).

Without loss of generality, we can assume #,=0. For each 7 such that
0<r<oo, let P(r) denote the statement that there is a mapping f; of [0,7)

into X satisfying (AD* in [0,7) and L*(fY)#¢, where L*(f;) denotes the
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cluster set of f;(¢) as ¢17.

Let Io,=(a,B). The interval (@, B) contains 0 by assumption. For each
re(0,B), define f; by fy(®)=co(®) in [0,7). By (F2), it is clear that f;7
satisfies (II)*, and since co is conﬁnuous at 7, we have c,(y)EL*(f7), whence
{I1Y is satisfied. Thus, P(7) is true in (0, B).

Assume that P(y) is true in (0,70), 7,>0. Define fy, by f,f;(t) =f7 (@) for
all ¢€[0,7), 1<70,. It is easy to see that fy, is well-defined. Thus f7, is a
mapping of [0, 7,) into X. If L*(fy,)=¢, then f*=fi satisfies (II)* and (AID*
if b=7,. If L*(f7,)#®, then P(y) is true at 7,, or in (0, 7,]. Let xocL*(fr).
Then there eixst U€C)/ (%) and §>0 satisfying (F2). Now, x,&L*(f7,) implies
that there exists TE(TU"‘g—, To) with ff,(zD)eU. By (F2), there exists c&F
such that c¢(7) =f7,(z) and (z—0, r+8)c1,, which implies ¢e()=f7.(2) in I.N T f;'.,.
Let 0<z-:<g- and define fr,+¢ by

f;;(t) if O§t<TO ’

fr‘;+c(t)={ .
c@ i rost<yete.

Then, fr,+. satisfies (ID* and (III)*, since the continuity of ¢(z) at 7,+¢ implies
c(ro¥e)eL*(fri+e). This completes the proof of Theorem 1.

Definition 2. Let F be an F-family on X, and let F be the uniquely
determined F-family which is strongly equivalent to F according to Theorem 1.
Then F is said to be generated by F.

Theorem 2. Let F and G be two F-families on the same space X. Let F
and G be the F-families generated by F and G respectively. If F and G are
strongly equivalent, then F=G. Further, if X is Hausdorff, then equivalence
of F and G implies F=G".

Proof. Use Lemma 3 and Lemma 3*.

Proposition 3. Let F be the F-family on X, generated by an F-family F
on X. For every fEF and every compact interval [t,,v,1CI;, there exists a
finite subfamily {ci,cq, -+, c,} of F such that for every tOEtTO,Tl] there is some
¢, k=12, n, with f(t)=cp(&) in in I,. .

Proof. Let v&€[7,7;]. Then by (II) of Lemma 1 and (F2), there exists
c.€F with r€l, and f(&)=c.(®) in IL,. Thus, {I. |r<[7,,7,]} is an open
covering of [7,,7;] which is compact. . Hence, there is a finite subset 7, -, T,
of [7,,7,] such that {I., k=1, n} covers [7y,7,]. Thus, {c, ¢z} is the
required subset of F.

7) See the remark following the proof:of Proposition 4.of*§I. . -
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2. Local Dynamical Systems.

Definition 3. Let X be a topological space, 4) a subset of XXR and 7 a
mapping of g into X. If the following conditions (#0) through (#3) or (w4)
are satisfied, then z is called a local dynamical system (see [3],[71,[9D).

(z0) D is open in XXR and can be expressed as

Q: U {x} Xch,
reX

where J, denotes an open interval containing 0.

(1) Identity: m(x,0)=z for all x&X.

(z2) Homomorphism (stronger): If (x,t)eq), and either (x,t+s)EQ‘ or
7 (x, D), )€, then (z(x,?),s)EQ and (x, t+5)E G and n(n(x, 2), s) =7 (x, t+5).

(n3) Separate Continuity: For every x=X, m, is continuous, and for
every t<R, nf is continuous (when it is defined).

(r4) Continuity: n is continuous on 9). :

If 7 satisfies (#0) through (%3), then it is called a local separately contin-
uous dynamical system. If 7 satisfies (x0) through (w4), then it is called a
local continuous dynamical system (abbreviated as a local system).

If 9,=R for every z€X, i e. =X XR, then 7 is said to be global.

We note that a local separately continuous dynamical system is a germ in
which the domain g) is an open neighborhood of XX {0}. A local systém is a
germ in which @) is open and (74) holds.

Proposition 4. Let X be a topological space and G CXXR. Then a
mapping © of Q) into X is a local system if and only if m satisfies (x0), (x1),
(w4) and the following two conditions:

(2)" Homomorphism: If (x,t)€D, (x,t+s)ED and (w(x,t),s)ED, then
a(z(x, t), s)=n(x, t+s). '

(w3)' Non-extendability: If 9,=(a,b) and a (or b) is finite, then the
- cluster set L=(x) (or L*(x)), as tla (or t1b), is empty.

Proof. See [10].

The essential equivalence of (F5) and (74) was demonstrated in Process I
and Process II. Thus, we make the following conclusive remark:

Remark. By applying Process I to a given F-family considered as an F-
family, one obtains a germ & which, in view of Hajek’s Theorem, determines
a unique local system strongly equivalent to #. By applying Process II to a
local system considered as a germ, one obtains an F-family F which in view of
Theorem I, §II, determines a unique F-family strongly equivalent to F.
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